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STEREOTYPE APPROXIMATION PROPERTY FOR THE
ALGEBRAS C(M) OF CONTINUOUS FUNCTIONS ON METRIC
SPACES
S.S.AKBAROV
In [1, 2] the author described the stereotype approximation property, an analog
of the classical approximation property transferred into the category Ste of stereo-
type spaces. Like the classical approximation, the stereotype approximation is used
in the description of properties of spaces of operators (and in this way the stereo-
type approximation possesses some advantages, since in contrast to the classical
approximation the stereotype approximation is inherited by spaces of operators [2,
Theorem 9.9]). This justifies the study of this notion, but the question of which
concrete spaces in the standard package used in functional analysis have the stereo-
type approximation turns out to be much more difficult than in the classical theory,
since the spaces of operators in the category Ste are defined in a more complicated
way.
For this reason, each result on the stereotype approximation of a particular space
is of interest, as it requires the development of new techniques. In line of these
studies the author showed in [3] that the group algebra C⋆(G) of measures on an
arbitrary locally compact group G, as well as its dual algebra C(G) of continuous
functions on G, have the stereotype approximation. Whether the same is true
for the algebra C(M) of continuous functions on an arbitrary paracompact locally
compact space M , even in the case of compact M , remains an open problem. In
this note, we give an answer to this question for the case of an arbitrary complete
(not necessarily locally compact) metric space M .
Let M be a complete metric space with the distance d. Let us denote by C♮(M)
the algebra of continuous functions f : M → C with the usual pointwise multipli-
cation and the topology of uniform convergence on compact sets in M . In other
words, the topology on C♮(M) is defined by the system of seminorms
(1) ‖f‖T = max
t∈T
|f(t)| ,
where T runs over the set of all compact sets in M . The multiplication operation
in C♮(M) is a continuous bilinear form in the sense of the theory of stereotype
spaces: for each neighbourhood of zero U ⊆ C♮(M) and for each totally bounded
set F ⊆ C♮(M) there is a neighbourhood of zero V ⊆ C♮(M) such that
V · F = F · V ⊆ U.
By [2, Theorem 5.23] this implies that under the pseudosaturation △ [2, § 1.4] the
multiplication operation remains a continuous bilinear form in the same sense. As a
corollary, the pseudosaturation C♮(M)
△ of the space C♮(M) is a stereotype algebra.
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Below by C(M) we denote this algebra C♮(M)
△:
C(M) := C♮(M)
△.
Theorem 1. For each complete metric space M the algebra C(M) has the stereotype
approximation property.
Proof. 1. For each k ∈ N consider the system {U 1
k
(t); t ∈M} of open balls of radius
1
k
in M . This is an open covering of M , hence it has a subordinated locally finite
partition of unity {ηkt ; t ∈M} [4, Theorem 5.1.3, Theorem 5.1.9]:
ηkt ∈ C(M), 0 ≤ η
k
t ≤ 1, supp η
k
t ⊆ U 1
k
(t),
∑
t∈M
ηkt = 1.
Let Mk ⊆M be the set of points t ∈M for which the function ηkt does not vanish:
t ∈Mk ⇔ ηkt 6= 0.
For each t ∈Mk let us take a point skt ∈M such that
(2) ηkt (s
k
t ) > 0.
Since skt ∈ supp η
k
t ⊆ U 1
k
(t) we have that
(3) d(skt , t) <
1
k
, t ∈Mk.
2. Let us consider the sequence of operators P k : C(M)→ C(M) defined by the
equality
(4) P kf =
∑
t∈Mk
f(skt ) · η
k
t , f ∈ C(M).
Since the series on the right is locally finite (i.e. in a neighbourhood of each point
x ∈ M only a finite set of its terms do not vanish), the function P kf ∈ C(M) is
well defined, and we obtain a linear map P k : C(M)→ C(M).
Note that this map is continuous in the topology of C♮(M). Indeed, if {fi; i→∞}
is a net, tending to zero in C♮(M), i.e. uniformly on compact sets T ⊆M ,
max
x∈T
|fi(x)| −→
i→∞
0,
then, since the set
(5) MkT = {t ∈ T : η
k
t
∣∣∣
T
6= 0}
is finite, we have
max
x∈T
∣∣P kfi(x)
∣∣ = max
x∈T
∣∣∣∣∣∣
∑
t∈Mk
fi(s
k
t ) · η
k
t (x)
∣∣∣∣∣∣
= max
x∈T
∣∣∣∣∣∣
∑
t∈Mk
T
fi(s
k
t ) · η
k
t (x)
∣∣∣∣∣∣
≤
≤ max
x∈T
∑
t∈MkT
∣∣fi(skt ) · ηkt (x)
∣∣ ≤ max
x∈T
max
t∈Mk
T
∣∣fi(skt )
∣∣·
∑
t∈MkT
ηkt (x)
︸ ︷︷ ︸
‖
1
≤ max
t∈Mk
T
∣∣fi(skt )
∣∣ −→
i→∞
0.
Since the operators P k : C♮(M)→ C♮(M) are continuous, their pseudosaturations
(P k)△ : C(M)△ → C(M)△, i.e. the operators P k : C(M) → C(M), are continuous
as well [2, Theorem 1.16].
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3. Let us show further that the representation (4) of the operator P k can be
understood as an expantion of P k into a converging series of one-dimensional op-
erators in L(C(M)):
(6) P k =
∑
t∈Mk
skt ⊙ η
k
t .
This is done in several steps. Let us first show that (6) can be understood as
the convergence of a series in the space C♮(M) : C(M) (we use the notations of
[2, §5]: according to them, C♮(M) : C(M) is the space of linear continuous maps
ϕ : C(M) → C♮(M) with the topology of uniform convergence on compact sets).
For this let us take a totally bounded set F ⊆ C(M) and a basis neighbourhood of
zero in C♮(M), i.e. a set of the form
Bε(T ) = {g ∈ C♮(M) : ‖g‖T < ε},
where T is a compact set in M . Recall the set MkT defined in (5). It is finite (since
the family ηkt is locally finite), hence for each finite set N ⊇M
k
T we have
∑
t∈N
(skt ⊙ η
k
t )(f)
∣∣∣
T
=
∑
t∈N
f(skt ) · η
k
t
∣∣∣
T
=
∑
t∈N\Mk
T
f(skt ) · η
k
t
∣∣∣
T︸︷︷︸
‖
0
+
∑
t∈Mk
T
f(skt ) · η
k
t
∣∣∣
T
=
=
∑
t∈MkT
f(skt ) · η
k
t
∣∣∣
T
= P kf
∣∣∣
T
This implies the following chain of corollaries:
∀N ⊇MkT ∀f ∈ F
∥∥∥∥∥
∑
t∈N
(skt ⊙ η
k
t )(f)− P
kf
∥∥∥∥∥
T
= 0
⇓
∀N ⊇MkT ∀f ∈ F
∑
t∈N
(skt ⊙ η
k
t )(f)− P
kf ∈ Bε(T )
⇓
∀N ⊇MkT
∑
t∈N
skt ⊙ η
k
t − P
k ∈ Bε(T ) : F.
(here Bε(T ) : F denotes the set of operators ϕ : C(M)→ C♮(M) with the property
ϕ(Bε(T )) ⊆ F , see [2, 5.4]; by definition of topology in C♮(M) : C(M), this is a
basic neighbourhood of zero in C♮(M) : C(M)). And this proves that (6) indeed can
be treated as an equality in the space C♮(M) : C(M).
Further, the convergence of the series in (6) in C♮(M) : C(M) implies that its
partial sums
P kN =
∑
t∈N
skt ⊙ η
k
t , N ∈ 2Mk
(2Mk means the set of finite subsets in M
k) form a totally bounded set in C♮(M) :
C(M) [2, Proposition 9.18]. By [2, Theorem 5.1], this means that the set of operators
{P kN ;N ∈ 2Mk} is equicontinuous on each totally bounded set F ⊆ C(M) and has a
totally bounded image on it
⋃
N∈2
Mk
P kN (F ) ⊆ C♮(M). Since the system of totally
bounded sets in C♮(M) and in C(M) is the same, and the topology on them does
not change either [2, Theorem 1.17], we can conclude that
⋃
N∈2
Mk
P kN (F ) is totally
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bounded in C(M), and {P kN ;N ∈ 2Mk} is equicontinuous as a system of mappings
from F (with the uniform structure induced from C(M)) into
⋃
N∈2
Mk
P kN (F ) ⊆
C(M), or, in other words, as a system of mappings from F into C(M). Since this is
true for each totally bounded set F ⊆ C(M), by [2, Theorem 5.1] we conclude that
the system of operators {P kN ;N ∈ 2Mk} is a totally bounded set in C(M) : C(M)
(with the removed symbol ♮ in the numerator).
The closure {P kN ;N ∈ 2Mk} of this set in C(M) : C(M) is compact in C(M) :
C(M). The topology of C♮(M) : C(M), being formally coarser than the topol-
ogy of C(M) : C(M), is nevertheless Hausdorff, and thus, it separates the points of
{P kN ;N ∈ 2Mk}. As a corollary, these topologies coincide on the set {P
k
N ;N ∈ 2Mk}.
Therefore, the convergence of the net {P kN ;N ∈ 2Mk} to the element P
k ∈ {P kN ;N ∈ 2Mk}
in the topology of C♮(M) : C(M) implies the convergence of {P
k
N ;N ∈ 2Mk} to
P k ∈ {P kN ;N ∈ 2Mk} in the topology of C(M) : C(M):
P kN
C(M):C(M)
−→
N→M
P k.
Since the set {P kN ;N ∈ 2Mk} ∪ {P
k} is totally bounded in C(M) : C(M), the
passage to the pseudosaturation △ does not change its topology. We can conclude
that the net {P kN ;N ∈ 2Mk} converges to P
k in the topology of (C(M) : C(M))△ =
L(C(M)):
P kN
L(C(M))
−→
N→M
P k.
This means that (6) holds in the space L(C(M)).
4. Let us show that the operators P k approximate the identity operator I in the
space L(C(M)):
(7) P k
L(C(M))
−→
N→M
I.
This is also done in several steps. Again, let us take a totally bounded set F ⊆ C(M)
and a compact set T ⊆M . Then
∥∥P kf − f∥∥
T
= max
x∈T
∣∣P kf(x)− f(x)∣∣ = max
x∈T
∣∣∣
∑
t∈Mk
f(skt ) · η
k
t (x) − f(x)
∣∣∣ =
= max
x∈T
∣∣∣
∑
t∈Mk
f(skt )·η
k
t (x)−f(x)·
∑
t∈Mk
ηkt (x)
︸ ︷︷ ︸
‖
1
∣∣∣ = max
x∈T
∣∣∣
∑
t∈Mk
(
f(skt )−f(x)
)
·ηkt (x)
∣∣∣ ≤
≤ max
x∈T
∑
t∈Mk
∣∣∣f(skt )− f(x)
∣∣∣ · ηkt (x)
In the last sum if ηkt (x) 6= 0, then x ∈ supp η
k
t ⊆ U 1
k
(t), hence d(x, t) < 1
k
. On
the other hand, (2) implies d(skt , t) <
1
k
. Thus we can think that in this sum
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d(skt , x) <
2
k
, therefore,
(8)
∥∥P kf − f∥∥
T
≤ max
x∈T
∑
t∈Mk
∣∣∣f(skt )− f(x)
∣∣∣
︸ ︷︷ ︸
≥
sup
x∈T, d(s,x)< 2
k
∣
∣
∣f(s) − f(x)
∣
∣
∣
·ηkt (x) ≤
≤ sup
x∈T, d(s,x)< 2
k
∣∣∣f(s)− f(x)
∣∣∣ ·
∑
t∈Mk
ηkt (x)
︸ ︷︷ ︸
‖
1
= sup
x∈T, d(s,x)< 2
k
∣∣∣f(s)− f(x)
∣∣∣
Let us show that the last value tends to zero uniformly by f ∈ F :
(9) sup
f∈F
sup
x∈T, d(s,x)< 2
k
∣∣∣f(s)− f(x)
∣∣∣ −→
k→∞
0
Suppose that this is not true:
sup
f∈F
sup
x∈T, d(s,x)< 2
k
∣∣∣f(s)− f(x)
∣∣∣ 6−→
k→∞
0
This means that there is a number ε > 0 and sequences kn →∞, fn ∈ F , xn ∈ T ,
sn ∈ U 2
kn
(xn) such that
∀n ∈ N
∣∣∣fn(sn)− fn(xn)
∣∣∣ > ε.
Since T is compact, we can choose from xn ∈ T a converging subsequence xni :
xni −→
i→∞
x ∈ T.
Then
sni −→
i→∞
x ∈ T,
and we have the inequality
∀i ∈ N
∣∣∣fni(sni)− fni(xni)
∣∣∣ > ε,
where fni ∈ F , xni → x and sni → x. This means that the set of functions F is not
equicontinuous of the compact set {xni}∪{sni}∪{x}, and therefore F is not totally
bounded in C(M) [4, 8.2.10]. And this contradicts to the choice of F ⊆ C(M).
We proved (9) and together with (8) this gives
0 ≤ sup
f∈F
∥∥P kf − f∥∥
T
≤ sup
f∈F
sup
x∈T, d(s,x)< 2
k
∣∣∣f(s)− f(x)
∣∣∣ −→
k→∞
0,
and therefore,
sup
f∈F
∥∥P kf − f∥∥
T
−→
k→∞
0.
This is true for each compact set T ⊆ M , so we can say that for each totally
bounded set F ⊆ C(M) the net P kf −f tends to zero in the space C♮(M) uniformly
by f ∈ F :
(10) P kf − f
C♮(M)
⇒
k→∞
f∈F
0.
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Recall now that P k is not just a net, but a sequence. Together with (10) this
gives that the set
⋃
k∈N(P
k − I)(F ) must be totally bounded in C♮(M). Hence
the pseudosaturation △ does not change the topology on
⋃
k∈N(P
k − I)(F ) ∪ {0}
[2, Theorem 1.17], and we can conclude that P kf − f tends to zero in the space
C♮(M)
△ = C(M) uniformly by f ∈ F :
(11) P kf − f
C(M)
⇒
k→∞
f∈F
0.
And this is true for each totally bounded set F ⊆ C(M). Hence,
P k
C(M):C(M)
−→
N→M
I.
Recall again that P k is a sequence. It converges to I in the space C(M) : C(M),
therefore the set {P k} ∪ {I} is compact. As a corollary, P k tends to I in the
topology of the compact set {P k} ∪ {I} ⊆ C(M) : C(M). When we apply to the
space C(M) : C(M) the operation of pseudosaturation △, the topology on the set
{P k} ∪ {I} is not changed [2, Theorem 1.17]. Hence we can say that P k tends to
I in the topology of the compact set {P k} ∪ {I} ⊆ (C(M) : C(M))△ = L(C(M)).
Thus, P k tends to I in the space L(C(M)). In other words, (7) holds.
5. We see that the identity operator I is approximated in the space L(C(M))
by the operators P k (by (7)), and the operators P k are approximated in L(C(M))
by finite-dimensional operators (the partial sums of the series in (6)). Thus, I is
approximated in L(C(M)) by finite-dimensional operators, and this is the stereotype
approximation property for C(M). 
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